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GABOR FRAMES AND ASYMPTOTIC BEHAVIOR OF SCHWARTZ 

DISTRIBUTIONS 

SANJA KOSTADINOVA, KATERINA SANEVA, AND JASSON VINDAS 


Abstract. We obtain characterizations of asymptotic properties of Schwartz dis¬ 
tribution by using Gabor frames. Our characterizations are indeed Tauberian theo¬ 
rems for shift asymptotics (S-asymptotics) in terms of short-time Fourier transforms 
with respect to windows generating Gabor frames. For it, we show that the Gabor 
coefficient operator provides (topological) isomorphisms of the spaces of tempered 
distributions and distributions of exponential type onto their images. 


1. Introduction 

Asymptotic behavior is an important notion in distribntion theory. The snbject 
has been stndied by many anthors and applications have been developed in diverse 
areas snch as mathematical physics, nnmber theory, and differential eqnations; see, 
e.g., the monographs n m [m Eg, references therein, and the recent article [2B] . 
The theory of asymptotic behavior of generalized fnnctions has also shown to be qnite 
nsefnl in Tanberian theory for several integral transforms [T5l IT8[ |25] . In recent years, 
characterizations of asymptotic properties of distribntions via wavelet analysis have 
been extensively investigated [HI [131 El El 1231 El] • 

The pnrpose of this article is to stndy the so-called S-asymptotic behavior of a 
distribntion throngh Gabor frames. Note that Gabor frames have already been nsed 
in other works as an effective tool in the description local and microlocal properties 
of Schwartz distribntions unmn EOj. Onr main resnlt is a characterization of the 
S-asymptotic behavior in terms of the short-time Fonrier transform. The anthors and 
Pilipovic have recently obtained varions Tanberian theorems for short-time Fonrier 
transforms of distribntions [12]. We show here in Section 0] that those Tanberian 
theorems can be considerably improved by discretizing the freqnency variable if one 
employs windows generating a Gabor frame. We also derive a Tanberian theorem for 
non-decreasing fnnctions and stndy connections with Wiener-type kernels. 

An important technical tool in the proofs of onr Tanberian theorems from Section 0] 
is a characterization of bonnded sets of distribntions of exponential type and tempered 
distribntions in terms of growth estimates for Gabor frame coefficients, which will be 
obtained in Section 01 It shonld be mentioned that the convergence of the Gabor 
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frame series of a tempered distribution is a known fact in time-frequency analysis 
[5l Chap. 12]; however, the Tauberian problem considered in this article requires to 
establish that the Gabor coefficient operator indeed provides topological isomorphisms 
of the spaces of distributions of exponential type and tempered distributions onto their 
images. We therefore revisit the connection between Gabor frames and distributions 
in Section [31 


2. Preliminaries 

2.1. Notation. The translation and modulation operators are denoted as Txf{ ■ ) = 

/(■ —x) and M^f{ ■) = ' f{-), G The operators and are called 

time-frequency shifts and we have The notation (/, (^) means 

dual pairing between a distribution / and a test function ip, so that (/, (^ 9)^2 = {f^Tp) 
if f,p E L"^. All dual spaces in this article are equipped with the strong dual topology. 
We £x the constants in the Fourier transform as (p{^) = 

2.2. Spaces. Besides the standard Schwartz spaces of rapidly decreasing smooth test 

functions and tempered distributions we will also work with the Hasumi- 

Silva test function space /Ci(M'^) and its dual The space /Ci(M'^) consists of 

exponentially rapidly decreasing smooth functions, that is, p G /Ci(R‘^) if p E 

and 

(1) ||(y9||p := sup < 00 , Vp G No- 

xGR'*, \j\<p 

The Frechet space topology of /Ci(R‘^) is generated by the family of norms ([T]). Its dual 
space /C^(R'^) consists of all distributions / of exponential type, i.e., those of the form 
/ = where fj E L°°(R‘^). Note that if G /Ci(R‘^), then its Fourier 

transform p extends to an entire function on C^. 

We shall also need two Frechet spaces of double (two-sided) rapidly decreasing se¬ 
quences, namely, 

= {{cfc,„} G : sup |cfc,„| (1-h |fc| -F |n|)P < cx) , Vp G No} 

and 


‘Sexp,pol(Z^'^) = {{Ck,n} G ; sUp |Cfc,n| |n|)^ < CX) , Vp G Nq). 

Glearly, they are (FS)-spaces (Frechet-Schwartz spaces) and their duals are Silva spaces 
((DFS)-spaces), 

= {{ck,n} e : sup |cfc,n| (1 + 1^1 + \n\)~^ < co , for some p G No} 

(fc,n)GZ2'^ 

and 

‘5Lp,poi(^^'^) = {{Cfc.n} e ; sup |cfc,„| e~P^^\l+\n\)~P <00 , for some p G No}. 

(/c,n)GZ2^ 
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2.3. Short-time Fourier transform. The short-time Fourier transform (STFT) of 
a function / with respect to a window function tf is dehned as 

(2) V^fix, 0 = if, dt, x, f e M'". 

jR'i 

The integral in ([2]) is well dehned if ffj G while the dual pairing dehnition 

applies whenever / G and if G where is a time-frequency shift 

invariant topological vector spaces of functions. Furthermore, if the action of the time- 
frequency shifts is continuous on then V^f G See [5] for the analysis of 

the STFT for the cases A = and S; we refer to [12] for a STFT theory based on the 
spaces IC[ and /Ci. We also mention the interesting paper [T], where window functions 
are even allowed to be distributions. 

We shall need some mapping properties of the STFT. The authors have shown in 
[T^ Prop. 3.1 & Lemma 3.2] the following results: 

(3) /,i/;G/Ci(M") =»(Vp) \V^fixA)\<Cpe-P\^\{l + \f\)-P,yxAeR^, and 

(4) / G )C[iR^) and if G /Ci(M") ^ (3p) \V^f{xA)\< + I^D", Va;,^ G M" 

For the Schwartz spaces one has [5l p. 228]: 

(5) f,ifeS{R^) ^(Vp) |Fp/(a;,OI <C'p(l + |a;| + |e|)-^ Vx,eGM'', and 

(6) / G and V'e 5(M") ^ (3p) |Fp/(a;, 01 < C'p(l + |a;| + I^IF, Vx, ^ G M'". 

It is important to point out that all these estimates can be shown to hold uniformly 
when / runs over a bounded set of the corresponding space (see the proof of Lemma [1] 
below). 

2.4. Gabor frames. We briefly discuss in this subsection some notions from the the¬ 

ory of Gabor frames, see [5l Chaps. 5-8] for a complete account on the subject. Given 
a non-zero window function if G and lattice parameters a,ft > 0, the set of 

time-frequency shifts 

(7) G{if, a, /3) = {M^ATakif : k,n e Z"} 

is called a Gabor frame for if there exist A,B > 0 (frame bounds) such that 

(8) ^II/IIV) < E IU/(“'=./3n)P<B||/lliw). 

The Gabor frame operator 

Sf = S^^^f= ^ V^f{ak, ftn)MfjnTakif 

k^n^’L^ 

is then bounded, positive, and invertible on The (canonical) dual frame of 

G{if,a,ft) is the Gabor frame G{'y,a,fi), where the canonical dual window is given 
by 7 = S~^if G L‘^{W^). Every / G L‘^{W^) then possesses the Gabor frame series 
expansions 
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(9) ^ = X] V^f{ak,f3n)M^nTak'y= ^ V^f{ak, l3n)MpnTak'ip 

with unconditional convergence in L^(R‘^). The expression ([9]) provides an explicit 
reconstruction of / from the samples of its STFT on the separable lattice oL'^ x fUf. 

One can show that if G('0, a, (3) is a frame for then ajS < 1, but, in general, 

the condition a(3 < 1 does not guarantee that Gib'll!, a, (3) is a frame, see 0 Chap. 7] 
for a discussion on this problem. Furthermore, the Balian-Low theorem 0, Thm. 8.4.1, 
p. 163] implies that if the window "0 G (in particular if 0 G /Ci(M'^)), then the 

stronger condition a(3 < 1 on the lattice parameters is necessary for Gib'll:, a,/3) to be 
a Gabor frame. The special case when 0(x) = e~'"^ is the Gaussian is completely 
understood: G{'ip,a,(3) is a Gabor frame for L^(M) if and only if a/3 < 1. 

3. Topological characterization of and via Gabor frame 

COEFFICIENTS 

In this section we show that topological concepts (such as boundedness and conver¬ 
gence) on /C((M'^) and iS'(M'^) can be characterized through growth estimates of Gabor 
frame coefficients. For it, we need to study some properties of the so-called Gabor 
frame coefficient and synthesis operators. Let 0 be a window (not necessarily generat¬ 
ing a Gabor frame, unless explicitly stated). If 0 G /Ci(M'^) (0 G iS(M'^), resp.), we set, 
for ease of writing, 

(10) cj'n(/) := V^f{ak, /3n) = (/, M^nTak'ip) , 

where / G /C((M'^) (iS0M‘^), resp.). The Gabor coefficient and Gabor synthesis operators 
are formally defined as 

(11) C(/) = {<„(/)}(»,»)«“ 

and 

( 12 ) ^ ^ 

respectively. We begin by establishing the continuity of the Gabor coefficient operator 
on the spaces that we are concerned with. 

Lemma 1. The Gabor coefficient operator CD is continuous in the following four 
cases: 

(13) G^ : /Ci(M'') -> G^ : ^ (0 G /Ci(R‘')), 

(14) : 5(R'^) ^5(Z2'^), and G^: ^ S'{Z^'^) (0 G 5(R'^)). 

Proof. Since the fonr spaces /Ci(R'^), iS(R'^), /C'^(R‘^), and iS'(R‘^) are bornological, the 
continuity of these mappings is an immediate consequence of uniform versions of the 
estimates (j3]), (jl]), ([5]), and ([6]) over bounded sets of the corresponding spaces. Such 
uniform versions are explicitly proved in [T^ Prop. 3.1 & Lemma 3.2] for the spaces 
/Ci(R‘^) and /C'^(R‘^). The proofs for the cases iS(R'^) and iS'(R'^) are straightforward 
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variants, but we include them for the sake of completeness. Consider the family of 
norms 

\Mp-= sup |(p(^^(a:)|(l + (p G 

\j\<p 

Fix p G No even. Then, for all a:, ^ G M'^, 

(1 + |a;| + |^|)P|f4<p(a;,0l < C'p(l + |x|)p [ \{1 - - x)) \ dt 

< Cp ^ {1 + \x\y f — x)\dt 

<Cp\\(p\\p Y1 [ {^ + \u\y du 

Iiil+li2|<p 

which proves the assertion that ([S]) holds uniformly on bounded subsets of iS(M^). 
Taking x = ak and ^ = jdn, we obtain that —?■ 8(1?^^) is a bounded 

mapping. Next, let 23 C be bounded. This means that 23 is equicontinuous, 

that is, there are p G No and C > 0 such that 


sup|(/,</ 2 )| < C\\(p\\' for all if G 5(M'^ 


/G® 


Thus, for all / G 23, 


\Vff{x,o\<c\\M{rM'p 


j<p 




s2p 


— Cp{l + |x| + I^D" WYWpi 

which gives that —?■ is bounded upon setting again x = ak and 

e = /3n. □ 

We now prove the following continuity result for the Gabor synthesis operator. 


Proposition 1. The Gabor synthesis operator fll2p is continuous in the ensuing four 
cases: 

: S{Z^^) 5(R‘^), and : S'{Z^^) {P G S{R^)). 

Furthermore, the series in 03 is unconditionally convergent in the corresponding 
space. 


Proof. Consider the reflection in the second coordinate mapping A 2 : {ck^n} t {ck-n}- 
Since : ‘5exp,poi(^^'^) —)■ are the transposes 

of Gp : /Ci(M'^) —iSexp,poi(^^'^) and —?■ iS(Z^‘^), respectively, the continuity of 

• ‘^Lp,poi(^^'^) and Dp : S'{Z^'^) —follows from Lemma [T] By the 

closed graph theorem, the continuity of D.,p ; iSexp ,poi(Z2'^) ^ /Ci(M'^) and Dp : ^(Z^'^) ^ 
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would follow from D^(iSexp,poi(Z^'^)) ^ /Ci(M^) and D^{S{Z‘^'^)) C 5(M^) and the 
latter two continuity cases. We only show that £*i/.(iSexp,poi(Zi^'^)) C as the proof 

of C is similar and we therefore omit it. Let {ck,n} ^ ‘5exp,poi(^^'^), 

we need to show that 

( 15 ) ^ Ck,nMpnTak'ip 

converges in /Ci(M'^). Since we already know that flTHll converges in and, clearly, 

the derivatives of flT^ are uniformly convergent due to the fast decay of the coefficients, 
it is enough to prove that for each I G No 


(16) 

We then have 


lim sup ^ ^ Ck,n{Mf^riTak'lpY'^ 


0 . 


sup e 

|s|</ 


E E Ck,n{MpnTo.k^f^^ 

\k\>M |n|>A 


<{271(3 + 1)^ sup e^l"l r 

a:eR‘*,|s|</ |fc|>M |n|>A j<s ^ 

< (27r/3 + l)'|lV’||) sup e'l^l ^ (1 + |n|)'"' 

xm'^,\s\<l \k\>M\n\>N 

< (27r/3 + 1)'||^||; \ck,n\{l + = Op((l + Ny^e-P^), Vp > 0. 

|A:|>A/ |n|>A 

This actually proves that flT^ is unconditionally convergent in /Ci(M'^). The uncondi¬ 
tionally convergence in the case of can be established in a similar fashion. It 

remains to show that fllSp is also unconditionally convergent in the distribution spaces. 
We only treat the case of /C((M‘^), as the case of convergence in is completely 

analogous. The strong neighborhoods of the origin in /C((M‘^) are given by polars of 
bounded subsets f8 C /Ci(M'^). Let {ck,n} £ ‘5exp,poi(^^'^) let f8 C /Ci(M'^) be 
bounded. Find I such that 


C= sup |cfc^„| e -|-|n|) ^ < oo. 

(fc,n)eZ2d 


We have 


sup \E E (^k,n^jSriToik'^ 1 ^ 

\|fc|>Ar |n|>A 


<C ^ ^ |n|)'sup |\d/ip(a/c,/9n)| 

|fc|>M|n|>A 

= Op,a3((l + iV)-^’e-^'^), Vp>0, 


where in the last estimate we have used Lemma [D to conclude that (7^(53) is a bounded 
subset of iSexp,poi(Z^‘^). This completes the proof. □ 
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We now specialize our results to Gabor frames. For it, we first need to discuss 
the regularity of the (canonical) dual window (cf. Subsection \2A\ . A deep result by 
Janssen [9] states that if ([7]) is a Gabor frame for with window G then 

the dual window 7 = S~^'<p G (see also 0 Gor. 13.5.4, p. 296]). We have to 

establish an analogous regularity result for windows V’ £ /Ci(M'^). We shall do so with 
the aid of results by Bolcskei and Janssen |2] on exponential decay of dual windows 
and Ghung-Kim-Lee characterization of the Hasumi-Silva space [3]. 

Lemma 2. Let ip G /Ci(M'^). If G{ip, a, f3) is a Gabor frame for then the dual 

window 7 = S~^ip G /Ci(M'^). 

Proof. We already know that 7 G iS(M'^) and apt < 1; in particular 

(17) sup | 7 ^^^(x)| < 00 , Vp G Mq. 

One also has | 2 ] 

(18) sup | 7 (a;)|e^''^' < 00 , Vp G Nq. 

Actually Bolcskei and Janssen |2] stated this in weaker terms in |2l Thm. 1] and only 
for one-dimensional windows, but their argument can readily be adapted to show that 
flT 8 |l holds in the multidimensional case as well. 

The inequalities flT7|l and ffTSjl turn out to characterize the space /Ci(M'^), as shown 
in [3l Sect. 2] (where the notation H{MP) = /Ci(M'^) is employed). So 7 G /Ci(M'^). □ 

The regularity of the dual window allows us to consider Gabor frame expansions of 
distributions and test functions. 

Corollary 1. Let G{'ip,a,pt) be a Gabor frame with dual window 7 . 

(i) If Ip G /Ci(M'^), then for any ip G /Ci(M'^) and f G /C((M'^) we have the expansions 


(19) 


( 20 ) 


V = 




''k^n 


{(p)MpnTakl 


and 


f = 




with unconditional convergence in /Ci(M'^) and /C'^(M'^), respectively. Further¬ 


more, 


{f,p)= 4,nU)cl,-n{P) = 4,-nifytniP)- 

k^nG"^^ k,n^'E^ 


( 21 ) 


(a) If Ip G iS(M'^), then flT^ . (120|) . and fl2T|) hold for any p G iS(M‘^) and f G iS'(M'^) 
(with unconditional convergence in iS(M'^) and iS'(M‘^), respectively). 

Proof. We have that idi 2 (Rd) = D-^G^ip, the unconditional convergence of flT^ on the 
test function spaces then follows from Lemma [1] and Proposition [1] Since id = ZJ-j-Cp 
on dense subspaces of iS'(M'^) and /C((M'^), (12U]) for distributions is also a consequence 
of Lemma [Hand Proposition [TJ The relation (ITT]) is now trivial. □ 
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Note that Corollary [T] could also be obtained from results on modulation spaces (cf. 
[5l Cor. 12.2.6]) in combination with Lemma |2l 

Summing up, we arrive at the main result of this section, a topological characteri¬ 
zation of and via the Gabor frame coefficient operator. 

Theorem 1. Let G{'ip,a, (3) he a Gabor frame. 

{i) If then the Gabor coefficient operators ([13]) are isomorphisms of 

topological vector spaces (onto their images and G^{]C[{R'^))). 

{ii) If fj & then the Gabor coefficient operators flT^ are isomorphisms of 

topological vector spaces (onto their images and G.^{S'(M.^))). 

Proof. That the involved mappings are injective follows from Corollary [T] The inverses 
are continuous because of Proposition [1] and Corollary [H □ 


Based on Theorem [T] we can now easily obtain our desired Gabor analysis char¬ 
acterizations of bounded sets and convergence in the distribution spaces and 


Corollary 2. Let (3) he a Gabor frame. 

(i) Suppose that e /Ci(M'^). Then, a subset C is bounded in if 

and only if there is r > 0 such that 


( 22 ) 


sup sup — 
fe<s (k,n)e7?d. e'' 


''k.n 


(/)l 


1 ^ 1(1 \n\y 


< oo. 


(a) Suppose y e Then, a subset 23 C is bounded in if and 

only if there is r > 0 such that 


(23) 


sup sup 


’'k.n 


(/)l 


f&<S(k,n)eZ'^d- (1 + 1^1 + I’^l)”' 


< oo. 


Proof. By TheoremiH we have that fB is bounded if and only if G^{^) is bounded. The 
estimates fl 2 ^ and fl 2 ^ are equivalent to the boundedness of Cp(iB) in pQi(Z^‘^) 
and iS'(Z^'^), respectively, because, as Silva spaces, they are the regular inductive limits 
of Banach spaces. □ 


Likewise, convergence of nets of distributions can also be characterized in terms of 
Gabor frame coefficients. We shall make use of the following corollary in the next 
section. 


Corollary 3. Let G{'ip,a,(3) be a Gabor frame with dual window 7 . 

(i) Suppose that G /Ci(M'^). Then, a net {/A}AeM+ of distributions of exponential 
type converges in ]C[ (M'^) as X ^ 00 if and only if 

(24) lim c^^(/a) = < 00 , for each {k,n) e 

A—>-co ’ 

and there are r > 0 and Aq such that 

I<..(/a)I 

sup sup TTJ- -—^ 

A>A«(t,„)£ZSAeAlH(l + |n|)A 


(25) 


< OO. 
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Suppose tjj G Then, a net {/A}AgR+ of tempered distributions converges 

in as X ^ oo if and only if it satisfies and there are r > 0 and Aq 

such that 

I<„(/a)I , 

sup sup -lYi-j—^ < CXD. 

A>Ao (fc,n)ez 2 <i (1 + \k\ + \n\Y 
In such a case the limit functional, liniA^oo fx = 9, is given by g = E (^k,n-XTynd-'ak'I • 

k,n&7A 

Proof. The direct part follows from the weak convergence and Theorem [H Conversely, 
assume (j 2 T|l and fl25|l (resp. ([26])). Corollary [2] and the Banach-Steinhaus theorem yield 
that the net forms an equicontinuous set. The assumption fl2T|) gives convergence of net 
on the linear span of a, /3), which is dense by interchanging the roles of Y and 7 in 
Theorem [TJ Therefore, the net converges in the topology of uniform convergence over 
compact subsets of /Ci(M'^) (iS(M'^), resp.). The rest follows from the Montel property 
of these spaces. □ 

Remark 1. A question that remains open is whether analogs to the results of this 
section can be obtained for the space of Lizorkin distributions iSq(R) (the quotient of 
iS'(R) by the space of polynomials 0 ) in terms of wavelet frames. Two of the authors 
have provided such results when using orthogonal wavelets [ 2 l]. Some difficulties of 
working with wavelet frames have been pointed out in Remark 3.11]. 



4. Asymptotic behavior of distributions. Tauberian theorems 


In this section we apply our Gabor frame characterization of convergence (Corollary 
Ej) to characterize asymptotic properties of Schwartz distributions. Our results can be 
interpreted as Tauberian theorems for the STFT. 

We are interested in the so-called R-asymptotic behavior of distributions [M] Chap. 1]. 
The natural framework for this notion is the space of distributions of exponential type. 
The idea of the R-asymptotics is to study the asymptotic properties of the translates 
r_/i/ with respect to a measurable comparison function c : R^ —>■ (0, 00 ). We say that 
/ G P'(R‘^) has R-asymptotic behavior (R-asymptotics) with respect to c if there is 
g G V'(MY such that 

(27) lim -Pmf = 9 in ©'(R"). 

|h,|^oo C[h) 

The distribution g is not arbitrary; in fact, one can show m Sect. 1 . 2 ] that the relation 
fl27|l forces it to have the form g{x) = Ce^'^, for some C G R and b G R'^. Furthermore, 
if C 7 ^ 0, one can also prove [IHl Sect. 1 . 2 ] that 


(28) 


lim 

l^l^oo 


{x + h) 


= e 


Jd-x 


uniformly for x in compact subsets of 


c{h) 

We shall assume that (128|) is always satisfied. One can then show that necessarily 
/ G /C((R'^) and that the limit (|27|) actually holds in /C((R'^). (This follows from the 
structural theorem [Ml Thm. 1.9, p. 44] and fl2^ below.) It is also easy to see that 
(1281) implies that c is locally bounded for large arguments. Since only the terminal 
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behavior of c matters for the S'-asymptotics ([27j), we can also suppose from now on 
that C e L-(M'^) by simply modifying it away from a neighborhood of cxo. Under these 
circumstances, we have the estimate [121 Lemma 6.1] 

(29) c{x + h) ^ x,h ^ for some r, A > 0. 

c{h) 

We will use the more suggestive notation 

(30) f{x + h) ~ c{h)g{x) in K,[{R‘^) as \h\ —)■ oo 

for denoting (j27ll . The next theorem shows that it is possible to improve [121 Thm. 6.2] 
by discretizing the frequency variable in the STFT if one employs a window ip that 
generates a Gabor frame. 


Theorem 2. Let G('0,Q!,/5) he a Gabor frame with window -0 G /Ci(R‘^) and let c G 
Lpp^{R'^) satisfy fl28|) . Then, f G /C((M'^) has the S-asymptotic behavior (1301) if and only 

(31) lim g27r»/3n-x ^/(u =. g c exists for every n G 

l^l^oo c[xj 


and there is r G M such that 


(32) 


\V^,f{x,/3n)\ 

sup -i—nr 

(a:,n)eR‘'xZ'* c(a:)(l + \n\Y 


< oo. 


If this is the case, the limit function involved in the S-asymptotic behavior (l30|) has the 
form g{x) = Ce^'^ where the constants satisfy the equations 


(33) 


On = Cip {—/3n -\- ib/{27r)), n G Z,'^. 


Proof. We are going to apply Corollary [3l For it, consider the net 

(34) h = -IjTT-hf, 

c[h) 


for h G M'^. We have that the Gabor frame coefficients of the net are given by 


Assume that / G /C((M'^) satishes fl30l) . The limit fl2T|) yields in this case fl3T|) with 
Un = ^t,ni9) = /Rd Since g must have the form g{x) = Ce^'^, this 

also shows that C and b must satisfy the equations fl33|l . while fl25|) directly leads to 
(l32|l by taking k = 0. Conversely, suppose that (lOTll and (j32|l hold. In view of (j28il . we 
have that 


, lim clnifh) 


^—2'KioLpk-n 


lim g2OT/3n-a; ^^(x, (In) 

|a:|->-oo c{x — ko) 


_ —2mapk-n 

- C- (Jj 


n 


lim - 

|x|^oo C 


c{x) 

{x — ka) 


ak-b—27ri(y/3k-n 
tP CL 


71 ’) 
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which shows that the net {fh}hm‘^ satishes the hypothesis fl2^ from Corollary [3l On 
the other hand, the estimates fl 2 ^ and fl3^ imply that 


sup sup 

ligR'i (k,n)£'I?d- 



+ \n\Y' 


< oo, 


with t' = max{r, ra}. Corollary E] then yields the result. 


□ 


In the rest of this section we focus on one-dimensional distributions. In this case it 
makes sense to consider the S'-asymptotic behavior for h ^ oo, that is, 

(35) f{x + h) c{h)g{x) in as h —)■ oo. 


where c : M —)■ ( 0 , oo). A version of Theorem [2] then applies to characterize fl5^ : 
indeed, one just needs to replace |a;| —)■ oo by a; —)■ oo in fl2T]) to obtain the desired 
characterization. Since g{x) = Ce^^, one can write [TB] c{h) = e^^L(e^), where L is a 
Karamata slowly varying function (at inhnity), i.e., one that satishes 


lim 

A^oo 


L{aX) 


= 1 for each a > 0 . 


As an application, we deduce from Theorem [2] the ensuing Tauberian theorem for the 
STFT of non-decreasing functions. 


Theorem 3. Let f be a positive non-decreasing function on [0, oo), let L be a slowly 
varying function, and let G('0,Q!,/3) be a Gabor frame with nonnegative window G 
/Ci(M). Suppose that the limits 


(36) 

exist for all n G Z. 

(37) 


p2'Kinx poo 

?T(U) i 

Then, 


lim 


fix) 

ebxL(eY 


Oo 


Proof. First notice that we must have 6 > 0. We show f{t) = 0{c{t)), where c{t) = 
e^*L(el*l). Set Ci = Since / is non-decreasing, we have 

-1 noo 1 noo 

fix)<— fit +x)Y{t)dt < — f{t)Y{t-x)dt = 0{c{x)), 

Y'l Jo Y'l Jo 

because of fl36l) with n = 0. Making use of fl29l) . we conclude that 

poo poo 

\V.^f{x, (3n)\ < C 2 / c{t)Yit — x)dt < Csc{x) / < 0(c(a:)). 

Jo J —00 

Theorem [2] implies that f{x -f h) ~ c{h)Ce^^ in /Cj(M) as h —)■ 00 , where C is given 
by the limit fl371) . The rest of the proof goes along the same lines as that of [121 
Thm. 6.5]. Choose a non-negative test function ip G V{R) such that supp(^ C (0,e) 
and p{t)dt = 1. Using the fact that / is non-decreasing on (0, 00 ) and fl30l) . we 
obtain 

limsup^^ 7 ^< lim [ f{t-\-h)p{t)dt = C [ e^^p{f)dt < Ce^^-, 
h —^00 c(h) h^oo c[h) Jq Jq 
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taking e —)■ 0+, we have shown that hnisup;j_^oo f{h)/c{h) < C . Similarly, one obtains 
\imuiih^ocf{h)/c{h)>C. □ 

Theorem [2] can be strengthened if additionally the window -0 is a Wiener type kernel. 
In the next theorem we make use of the Pilipovic-Stankovic distributional version of 
the Wiener Tauberian theorem [151 US]- 


Theorem 4. Let G{'ip,a,(3) be a Gabor frame with window -0 G /Ci(M) and let c{h) = 
where L is a locally bounded slowly varying function. Assume that 


(38) 







for all ^ G M. 


If 




lim 

X—>-oo 


{f*^){x) 

ebxL[e^) 


Oo G C exists 


and the Tauberian condition fl32l) holds for some r and c extended as c{x) = e ™ for 
a; < 0, then f has S-asymptotic behavior fl35|l with g{x) = Ge^^, where 


Oq 

jZof’itydt ■ 


Proof. Inspection in the proof of Theorem [2] shows that the Tauberian condition (j32ll 
is equivalent to the fact that the net fl5T)l is bounded. The S-asymptotic behavior (150]) 
now follows directly by applying [161 Prop. 4.8, p. 206]. □ 

Example 1 (The Gaussian window). Let ft be any positive number. If 'if{x) = 
and we choose any a with the property aft < 1, then G{'if,a,ft) is a Gabor frame for 
L^(M). Since, the Wiener type condition (l38|l is satished for all 6 G M. 

In this special case. Theorem |4] yields 

f{x + h) aoe~^e'^^L{e^)e^^ in /C(^(M) as h —)• oo. 


Furthermore, one can also derive a form of the Wiener Tauberian theorem for the 
Gaussian kernel from Theorem 01 Let f be non-decreasing on [0, cxd) and let L be 
slowly varying. If 


lim 

X—>-CxD 


1 

e^^L(e^) 



— 0.0, 


then, f{x) ~ aoe“4iiL(e*)e^* as x ^ oo. The proof of this assertion is exactly the same 
as that of Theorem [3l but employing Theorem 0] instead of Theorem [2l 


We end this article with a remark. 

Remark 2 (The case of tempered distributions). If c{h) ~ |h|^L(|h|) where L is slowly 
varying and fl27|l is satished, then / G iS'(M'^) and actually fl27|) holds in the (strong) 
topology of iS'(M'^) (this follows from [161 Thm. 1.9, p. 44] and the remarks in [161 P- 
45]). Hence, as a consequence of the second part of Gorollary[3l in this case we may 
use Gabor windows fj G iS(M‘^) in Theorem [2l Theorem [3l and Theorem 01 
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